In this paper, a collocation method based on Haar wavelets is proposed for the numerical solutions of singularly perturbed boundary value problems. The properties of the Haar wavelet expansions together with operational matrix of integration are utilized to convert the problems into systems of algebraic equations with unknown coefficients. To demonstrate the effectiveness and efficiency of the method various benchmark problems are implemented and the comparisons are given with other methods existing in the recent literature. The demonstrated results confirm that the proposed method is considerably efficient, accurate, simple, and computationally attractive.
Introduction
Singularly perturbed problems (SPPs) arise in various branches of applied mathematics and physics such as fluid mechanics, quantum mechanics, elasticity, plasticity, semi-conductor device physics,
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geophysics, optimal control theory, aerodynamics, oceanography, and mathematical models of chemical reactions. Mathematically, self-adjoint SPPs are defined as where 0 , 1 are given constants, is a small positive parameter such that 0 < ≪ 1 and f (x), g(x) are sufficiently smooth functions. It is known that Problem (1.1) has a unique solution y, which in general displays boundary layers at x = 0 and x = 1. These type of problems are characterized by the presence of a small parameter that multiplies the highest order derivative, and they are stiff and there exists a boundary or interior layer where the solutions change rapidly. That is, there are thin transition layers where the solution varies rapidly or jumps abruptly, while away from the layers the solution behaves regularly and varies slowly. For more details on singular perturbation problems, we refer to the monographs (Miller, O'Riordan, & Shishkin, 1996; Roos, Stynes, & Tobiska, 1996) .
In recent years, the studies of SPPs problems have been tackled by many researchers but the majority of these problems cannot be solved analytically, so one would like ideally to use the numerical methods available in the open literature such as homotopy perturbation method (Chun & Sakthivel, 2010) , Adomian decomposition method (Wazwaz, 2002) , sinc approximation solution (Mohsen & EL-Gamel, 2008) , spline collocation method (Aziz & Khan 2002; Kadalbajoo & Arora, 2010; Kadalbajoo & Gupta, 2009; Kadalbajoo, Gupta, & Awasthi, 2008; Khan, Khan, & Aziz, 2006; Khan & Khandelwala, 2014; Kumar & Mehra, 2007; Rashidinia, Ghasemi, & Mahmoodi, 2007; Surla & Stojanovic, 1988) , reproducing kernel method (Geng & Cui, 2011) , finite element method (Lenferink, 2002) , the finite-volume element method (Phongthanapanich & Dechaumphai, 2009) , and wavelet method (Pandit & Kumar, 2014 ). An alternative solution is proposed in the present paper in the form of operational matrix method, which is based on Haar wavelets for the numerical solution of singularly perturbed reaction-diffusion problems.
Wavelets became an active field of research in the 1980s, with the works of researchers such as Morlet, Grossman, and Daubechies (1992) on signal processing. Starting as an alternative to Fourier analysis, their popularity soon expanded, owing mainly to the localized nature of wavelet basis in frequency and time, as well as their hierarchical structure. Wavelets have numerous applications in approximation theory and have been extensively used in the context of numerical approximation in the relevant literature during the last two decades. Different types of wavelets and approximating functions have been used in numerical solution of boundary value problems such as Daubechies, Battle-Lemarie, B-spline, Chebyshev, Legendre, and Haar wavelets. Among all the wavelet families, the Haar wavelets have gained popularity among researchers due to their useful properties such as simple applicability, orthogonality, and compact support. Compact support of the Haar wavelet basis permits straight inclusion of the different types of boundary conditions in the numeric algorithms. The basic idea of Haar wavelet method is to convert the differential equations to a system of algebraic equations by the operational matrices of integral or derivative (Chen & Hsiao, 1997; Lepik, 2008) . Recently, many authors have used Haar wavelet method for solving ordinary and partial differential equations. For a historical background and an overview of wavelets in general and Haar wavelets in particular, the reader can refer to (Lepik, 2014) .
The objective of this research is to construct a simple collocation method based on Haar wavelets for the numerical solution of singularly perturbed reaction-diffusion problems of the type (1.1) which arise in mathematical modeling of different engineering applications. The proposed method has the following advantages in comparison to the existing methods available in the open literature:
(1) Haar wavelets collocation method (HWCM) uses simple box functions and consequently the formulation of numerical method based on these functions involves lesser manual labor.
(2) HWCM does not require to calculate the inverse of Haar wavelet matrix.
(3) Contrary to reproducing kernel method (RKM), HWCM performs very well for a boundary value problem defined on a very long interval.
(1.1)
Unlike RKM, HWCM does not require conversion of a boundary value problem into initial value problem using a procedure like shooting and hence this method eliminates the possibility of unstable solution due to missing initial condition in the case of RKM.
(5) Contrary to RKM, the boundary value problem needs not to be reduced into a system of firstorder ODE's.
(6) A variety of boundary conditions can be handled with equal ease.
Finally, the obtained numerical approximate results of this method are then compared with the exact solutions as well as solutions available in open literature. The numerical outcomes indicate that the proposed method yields highly accurate results.
The organization of this paper is as follows. In Section 2, Haar wavelets and their integral are introduced. In Section 3, the Haar wavelet collocation method is presented and described for the numerical solution of the class of singularly perturbed reaction-diffusion equations. In Section 4, our method has been tested by several problems and the obtained results are compared with results of the existing methods. Finally, in Section 5, the conclusion of the study is given.
Haar wavelets and operational matrix of integration
Haar wavelets have been used from 1910 when they were introduced by the Hungarian mathematician Alfred Haar (Lepik, 2014) . We also have i = 1 corresponding to the scaling function of Haar wavelet family, i.e. h 1 (x) = 1 in [0, 1] . For more about Haar wavelets and their applications, we refer to the monographs (Debnath & Shah, 2015; Lepik, 2014) .
Next, we shall establish an operational matrix for integration by means of Haar wavelets for which we follow the same notations as used in (Lepik, 2008) for Haar function and their integrals as follows:
These integrals can be calculated analytically with the help of Equation (2.1); by doing so we get the following equations
0, elsewhere. For example, if j = 2 ⇒ 2M = 8, so that the Haar matrix can be expressed as follows:
At the collocation points as defined by (2.9), equation (2.6) becomes
The Haar approximation y m of y is given by Therefore, the corresponding error at the mth level may be defined as follows:
Method of solution
With the aid of Haar operational matrices as defined in Section 2, we solve the following singularly Substituting the values of y �� (x) and y(x) in Equation (3.1) and the discretization is applied using the collocation points given by (2.9) resulting into a system of algebraic equations which contains unknowns vectors c i 's. Solving this system of algebraic equations using the classical Newton's method, we obtain the Haar wavelet coefficients c i 's and then substituting these values in (3.4), we obtain the Haar wavelet collocation method for the numerical solution of singularly perturbed boundary value problem of the type (1.1).
(2.10)
(2.11)
Numerical experiments and discussion
In this section, we are going to study numerically the SPPs (3.1) with the known boundary condition. The main aim here is to show the accuracy and applicability of the present method, described in Section 3, for solving the SPPs. Performance of the proposed method is compared with the existing methods in literature (Khan et al., 2014; Kumar, Singh, & Mishra, 2007; Lubuma & Patidar, 2006; Natesan, Kumar, & Vigo-Aguiar, 2003; O'Riordan & Stynes, 1986; Rashidinia et al., 2007; Schatz & Wahlbin, 1983) . The numerical results infer that the proposed method is very effective and superior in comparison with other existing methods. Numerical computations have been done with the software package MATLAB 7.0 and graphical outputs were generated by MAPLE 14 package.
Example 4.1 Consider the following singularly perturbed boundary value problem (Khan et al., 2014; Rashidinia et al., 2007) :
The exact solution of this problem is
The obtained maximum absolute errors of (4.1) is presented in comparison with the existing methods and exact solution (4.2) in Table 1 for different values of and N. From Table 1 , it is clear that HWCM performs much better than existing methods (Khan et al., 2014; Rashidinia et al., 2007) . Table 1 also shows improved convergence of HWCM, as with the increase in number of collocation points the maximum absolute errors decrease for the solution. The numerical result for N = 32 and different values of is shown in Figure 1 . where The exact solution of the above problem is Table 2 gives the maximum absolute error for test Example 4.2. It is obvious that the error bound is inversely proportional to the level of resolution J of Haar wavelet. Hence, the accuracy in the proposed method (HWCM) improves as we increase the level of resolution J. The solution produced through HWCM for the singularly perturbed boundary value problem (4.3) is shown in Figure 2 for different values of and N = 32.
Example 4.3 We next consider the singularly perturbed problem (Schatz et al., 1983) (4.3)
. whose exact solution is given by We solve this problem by HWCM method which developed in Section 2 and compare our numerical results with finite element method (Schatz et al., 1983) . In this example, the computed maximum absolute errors are compared with the exact solution at specified points in reference (Schatz et al., 1983) and the results are shown in Table 3 and graphically shown in Figure 3 . This table shows that our method is considerably accurate in comparison with method in (Schatz et al., 1983) . The exact solution of the above problem is Next, we consider a nonlinear singular perturbation problem with left-end boundary layer. First, we convert the underlying problem as a sequence of linear singular perturbation problem using Newton's quasi-linearization technique, i.e. replacing the nonlinear problem by a sequence of linear problems. Then, the outer solution (the solution of the given problem by putting = 0) is taken to be the initial approximation (Table 4 and graphically shown in Figure 4 ). Example 4.5 We consider the following nonlinear singular perturbation problem (Kadalbajoo et al., 2010; Kumar, Singh, & Mishra, 2007) with y(0) = −1 and y(1) = 3.9995. The exact solution of the problem is For convenience, we convert the nonlinear Equation (4.6) into linear by taking the initial approximation from the problem y(x)y � (x) + y(x) = 0. For x = 0, we assume that y � (x) = 0, and y(x) = C.
Further, in order to satisfy the condition at x = 1, we take y(x) = x + 2.9995 so as a result, we obtain the linear version of (4.6) as follows:
with y(0) = −1 and y(1) = 3.9995. The numerical results of Example 4.5 are presented in Table 5 and graphically shown in Figure 5 for = 10 −3 and = 10 Example 4.6 Finally, consider the following singularly perturbed turning point problem (Natesan et al., 2003): with y(0) = 1 and y(1) = 1. The exact solution of the above problem is Table 6 gives the maximum absolute error for test Example 4.6. It is obvious that the error bound is inversely proportional to the level of resolution J of Haar wavelet. Hence, the accuracy in the proposed method (HWCM) improves as we increase the level of resolution J. It further strengthens the claim that the proposed method gives excellent results even for very small .
Conclusion
The Haar wavelet collocation method is applied in order to find the numerical solution of one-dimensional singularly perturbed boundary value problems. The method is tested on several benchmark problems from the literature. The numerical results are compared with a few existing methods reported recently in the literature. The numerical evidence shows superiority of the new method in terms of fast convergence and better accuracy. The proposed method can safely and quickly be used for the solution of a wide range of similar problems. 
